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1.1 Hadmard
$(X, g)$ $n$ Hadamard Riemann
$X$ $\partial X$
$X$
$*$ 1 $\{\gamma:[0, \infty)arrow X|\Vert\dot{\gamma}(t)\Vert=1\}$





Cartan-Hadamard $\gamma’$ $p\in X$ $\gamma(0)=p$
$\gamma\sim\gamma’$
$\gamma$ ([5, Proposition 1.2] )
$\partial X$ $(n-1)$ $S^{(n-1)}(\simeq U_{p}X\subset T_{p}X)$
1 $0\in X$ $\theta\in\partial X$
$B_{\theta}(x)= \lim_{tarrow\infty}(d(\gamma(t), x)-t)$ (1.1)
$*$ 2
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Busemann $C^{1}$ $\Vert\nabla B_{\theta}\Vert=1^{*3}$
[18]. Busemann
$H_{(x,\theta)}=\{y\in X|B_{\theta}(y)=B_{\theta}(x)\}$ (1.2)
$\theta\in\partial X$ $x\in X$ $H=H_{(x,\theta)}$
$v=-\nabla B_{\theta}$ $S_{(x,\theta)}$ ( $S_{H}$ ), 2 $h_{(x,\theta)}$




1.1 ([12]). $(Xn, g)$ Hadamard $X$ $H_{(x,\theta)}$
$k=k_{(x,\theta)}$ $k$ $x\in X$ $\theta\in\partial X$
$(X, g)$ $E_{\mathbb{R}}^{n}(k=0)$ , $-k^{2}$
$H_{\mathbb{R}}^{n}(k<0)$
1.2 ([12]). $(X^{2m}, g, J)$ nearly K\"ahler*4 Hadamard $(m\geq 2)$ .
$\xi(=-J\nabla B_{\theta})$ $k=k_{(x,\theta)}$
$*$ 5,
$k$ $x\in X$ $\theta\in\partial X$ $(X, g)$
$E_{\mathbb{C}}^{m}(k=0)$ , $-k^{2}$ $H_{\mathbb{C}}^{m}(k<0)$
1.3 ([12]). $(X^{4m}, g, \{J_{1}, J_{2}, J_{3}\})$ K\"ahler*6 Hadamard
$(m\geq 2)$ . $\{\xi_{i}(=-J_{i}\nabla B_{\theta})\}$ $k=k_{(x,\theta)}$
$*3_{X}$ $\theta\in\partial X$ $\sigma(t)$ $\nabla B_{\theta}(x)=-\dot{\sigma}(0)$
$*4$ Hermite $(J, g)$ nearly KMhler $v$ $(\nabla_{v}J)v=0$
$*5$ Hermite $(\overline{M}, J,\overline{g})$ $M$ $M$ $\nu$
$J\nu$ $M$ $M$ Hopf
$*6(M, g)$ $4m$ Riemann $\mathcal{V}$ End$(TM)$ 3 $M$ $J_{1}^{2}=$
$J_{2}^{2}=J_{3}^{2}=$ -Id, $J_{1}J_{2}=J_{3}$ $\{J_{i}\}$ ( $\mathcal{V}$ $M$
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$k$ $x\in X$ $\theta\in\partial X$ $(X,g)$




$x\in M$ $\theta\in\partial M$ $M$ ([8]).
Hadamard
Riemann $M$
$\rho=\rho(M)$ $:= \lim_{rarrow\infty}\frac{1}{r}$ log vol$(B(p;r))$ (1.4)
$M$ $B(p;r)$ $p\in M$ , $r$
(1.4) $p\in M$ ([17]). $M$
$M$ $\tilde{M}$ $M$
Hadamard
1.4 ([13]). $(X^{n}, g)$ $n$ Hadamard
$- \frac{c}{n-1}$
$($ $\Delta B_{\theta}=-c)$ . $c=\rho$
1.4 1.1, 1.2, 1.3 Hadamard
;
1.5 ([13]). $(Xn, g)$ Hadamard $Ric\geq-(n-1)^{*7}$
$\rho\leq(n-1)$ ( $X$ , g)
Ricci 2
1.6 ([13]). $(X^{2m}, g, J)$ nearly K\"ahler Hadamard
$Ric\geq-2(m+1)$ $h_{(x,\theta)}(\xi, \xi)\leq-2$
$\rho\leq 2m$ $(X, g, J)$ $-4$
). (i) $g$ i (ii) $g$ Levi-Civita $\mathcal{V}$
$(M, g, \mathcal{V})$ $K\ddot{a}$hler ([9] ).
$*7$ Ricci $Ric\geq-(n-1)$
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1.7 ([13]). $(X4m, g, \{J_{1}, J_{2}, J_{3}\})$ K\"ahler Hadamard
$s\geq-16m(2m+1)^{*8}$ $(m\geq 2)$ .
$\sum_{i=1}^{3}h_{(x,\theta)}(\xi_{i}, \xi_{i})\leq-6$ $\rho\leq 2(2m+1)$
$(X, g, \{J_{1} , J_{2} , J_{3}\})$ $Q$- $-4$
Riemann Ledrappier-Wang
[16]. 1.5, 1.6, 1.7 Ledrappier-Wang
;
1.8 ([16, Theorem 2]). $(M^{n}, g)$ Riemann $Ric\geq-(n-1)$
$M$ $\pi$ : $Marrow M$ $\rho(\tilde{M})\leq(n-1)$
$(\tilde{M}, g)$
1.9 ([16, Theorem 3]). $(M^{2m}, g)$ K\"ahler
$K_{\mathbb{C}}\geq-2$ $M$ $\pi$ : $Marrow M$ $\rho(\tilde{M})\leq 2m$
$(\tilde{M},\tilde{g})$
1.10 ([16, Theorem 4]). $(M^{4m}, g)$ Ka\"ahler $s=$






Fisher Riemann $G$ ( Fisher
)[4].
Hadamard $(X, g)$ Dirichlet $X\cup\partial X$
Dirichlet $f\in C^{0}(\partial X)$
$\Delta_{X}u=0, u|_{\partial X}=f$ (1.5)
$*8$ K\"ahler Einstein Ricci
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$X\cup\partial X$ $u$ (1.5)
$u(x)= \int_{\partial X}f(\theta)P(x, \theta)d\theta$ $P(x, \theta)$ $X$ Poisson
$*$9. Poisson $X$ $\partial X$ $\mathcal{P}(\partial X)$





Damek-Ricci $*$ 10 ([10]) Hadamard $(X^{n},g)$




([10, Proposition 1] [11, Theorem 1.2]). Poisson
Poisson (1.7) Poisson $X$
([11, Theorem 1.3]). Poisson
( ) Hadamard Damek-Ricci
2 Jacobi 3
1.2,1.4,1.6 4 1.2 1.3
2 Jacobi
$(M, g)$ Riemann $\gamma$ $\dot{\gamma}(t)^{\perp}(\subset$
$T_{\gamma(t)}M)$ $(1, 1)-$ $Y(t)$
$\ddot{Y}(t)+R(t)\circ Y(t)=O$ (2.1)






$R(t)$ $g$ $R$ $R(t)v=R(v,\dot{\gamma}(t))\dot{\gamma}(t)$
$\gamma(t)$
$\gamma$ Jacobi $Y(t)$
$v$ $Y(t)v$ Jacobi Jacobi
$Y(0)=Y_{0},\dot{Y}(0)=Y_{1}$ , $Y(0)=Y_{0},$ $Y(s)=Y_{s}$
Jacobi $Y(t)$ (2.1) $\mathcal{Y}(t)=\dot{Y}(t)\circ Y^{-1}(t)$
Riccati
$\dot{\mathcal{Y}}(t)+\mathcal{Y}(t)^{2}+R(t)=O$ (2.2)
$\gamma$ 2 Jacobi $Y(t),$ $Z(t)$ Wronskian




$W(Y, Y)(t)=O$ Jacobi $Y(t)$ Lagrange
Lagrange $Y(t)$ $\dot{Y}(t)\circ Y^{-1}(t)$ ([5]
).
$\bullet$ $A(0)=O,$ $A’(0)=$ Id Jacobi $A(t)$ Lagrange
$A(t)\circ A^{-1}(t)$ $\gamma(0)$ $t$
$G=G_{(\gamma(0);t)}$ $\gamma(t)$ $S_{G}(t)$
$\bullet$ $U_{s}(0)=$ Id, $U_{s}(s)=O$ Jacobi $U_{S}(t)$
$U(t)= \lim_{sarrow-\infty}U_{s}(t)$ $\gamma$ Lagrange
$\dot{U}(t)\circ U^{-1}(t)$ $\sigma(t)=\gamma(-t)$ $-\theta$
$\gamma(t)$ $S_{H}(t)$
2.1. $\gamma$ $A(t),$ $U(t)$ Jacobi
$S_{G}(t)-S_{H}(t)=(A^{*})^{-1}(t)\circ U^{-1}(t)$ (2.3)
Jacobi $A(t),$ $U(t)$ $W(A(t), U(t))=$ Id
(2.3)
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2.2. $(X, g)$ Hadamard 2.1
$|tr(S_{G}(t))-$ $tr$ $(S_{H}(t))| \leq\frac{(n-1)}{t}$ (2.4)
(2.3)
$|$ tr $(S_{G}(t))$ –tr $(S_{H}(t))|=$ $tr\sqrt{((A^{*})^{-1}(t)\circ Y^{-1}(t))^{2}}$
$\leq\sqrt{tr((A^{*})^{-1}(t)\circ A^{-1}(t))tr((Y^{*})^{-1}(t)\circ Y_{u}^{-1}(t))}.$
Rauch $*$ 12 $n$ Euclid
$g(A(t)v, A(t)v)\geq t^{2}g(v, v) (v\in\dot{\gamma}(t)^{\perp})$
$\{e_{i}\}$ $T_{\gamma(t)}X$
$($ $e_{1}=\dot{\gamma}(t))$
tr $((A^{*})^{-1}(t) \circ A^{-1}(t))=\sum_{i=2}^{n}g((A^{*})^{-1}(t)\circ A^{-1}(t)e_{i}, e_{i})$
$= \sum g(A^{-1}(t)e_{i}, A^{-1}(t)e_{i})\leq\sum\frac{1}{t^{2}}=\frac{n-1}{t^{2}}.$
Hadamard Jacobi
$g(U(t)v, U(t)v)\geq g(U(0)v, U(O)v)=g(v, v)$
tr $((U^{*})^{-1}(t) \circ U^{-1}(t))=\sum_{i=2}^{n}g((U^{*})^{-1}(t)\circ U^{-1}(t)e_{i}, e_{i})$
$= \sum g(U^{-1}(t)e_{i}, U^{-1}(t)e_{i})$
$\leq\sum g(e_{i}, e_{i})=n-1.$
(2.4)
$*12M_{1},$ $M_{2}$ Riemannian $\gamma_{1}$ : $[0, T]arrow M_{1,\gamma_{2}}$ : $[0, T]arrow M_{2}$ $(\gamma_{2}$
). $y_{1},$ $y_{2}$ $\gamma_{1},$ $\gamma_{2}\ovalbox{\tt\small REJECT}_{\vee}’$ Jacobi $y_{1}(0)=y_{2}(0)=0$ and




$v\in T_{p}X$ $\gamma$ $\dot{\gamma}(0)=v$ $\theta\in\partial X$
$\xi_{t}=-J\nabla B_{\theta}(\gamma(t))=J\dot{\gamma}(t)$ $H_{(x,\theta)}$ $\gamma(t)$





2 $S(t)$ Riccati $R(t)\xi_{t}=-S(t)^{2}\xi_{t}=$
$-k^{2}\xi_{t}.$ $t=0$ $v$ $g(R(Jv, v)v, Jv)=-k^{2}$
$X$ $-k^{2}$ Gray nearly
Kabler ([6]) $X$ $E_{\mathbb{C}}^{n}(k=0)$ ,
$-k^{2}$ $H_{\mathbb{C}}^{n}(k<0)$
4
3.1. 1.3 1.2 $X$ $Q$-
$-k^{2}$
3.2 1.4
$u\in U_{p}X\subset T_{p}X$ $\gamma$ $\dot{\gamma}(0)=u$ $T_{p}X$





$\mathcal{A}(p;t)=\int_{u\in U_{p}X}t^{n-1}J(u, t)du$. (3.2)
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l’Hospital
$\rho=\lim_{tarrow\infty}\frac{\log \mathcal{V}(p;t)}{t}=\lim_{tarrow\infty}\frac{\mathcal{V}’(p;t)}{v(p_{|t)}}=\lim_{tarrow\infty}\frac{\mathcal{A}(p;t)}{\int_{0^{\mathcal{A}(p}}^{t};r)dr}=tarrow\infty hm\frac{\mathcal{A}’(p;t)}{\mathcal{A}(p;r)}$ (3.3)
$t$
$r$ $p$ $r(x)=d(p, x)$
$\triangle r=-\frac{n-1}{r}-\frac{J’(u,r)}{J(u,r)}$ $($ $x=\exp_{p}(ru))$
([7, 4.16 Proposition]). $G=G_{(p;r)}$ $x=\exp_{p}(ru)$
$\mu(u, r)$
$\int_{t_{0}}^{t}\mu(u, r)dr=-\int_{t_{0}}^{t}\triangle rdr$
$=(n-1)[\log r]_{t_{0}}^{t}+[\log J(u, r)]_{t_{0}}^{t}$
$=(n-1)(\log t-\log t_{0})+(\log J(u,t)-\log J(u, t_{0}))$
$=\log t^{n-1}J(u, t)-\log t_{0}^{n-1}J(u,to)$ .
$t^{n-1}J(u, t)=t_{0}^{n-1}J(u, to)$ $\exp(\int_{t_{0}}^{t}\mu(u, r)dr)$ (3.2)
(3.3)
$\rho=\lim_{tarrow\infty}\frac{\mathcal{A}’(p;t)}{\mathcal{A}(p;t)}$
$= \lim_{tarrow\infty}\frac{\int_{u\in S^{n-1}}\frac{\partial}{\partial t}\{t_{0}^{n-1}J(u,t_{0})\exp(\int_{t_{0}}^{t}\mu(u,r)dr)\}du}{\int_{u\in S^{n-1}}t_{0}^{n-1}J(u,t_{0})\exp(\int_{t_{0}}^{t}\mu(u,r)dr)du}$
$= \lim_{tarrow\infty}\frac{\int_{u\in S^{n-1}}\mu(u,t)t_{0}^{n-1}J(u,t_{0})\exp(\int_{t_{0}}^{t}\mu(u,r)dr)du}{\int_{u\in S^{n-1}}t_{0}^{n-1}J(u,t_{0})\exp(\int_{t_{0}}^{t}\mu(u,r)dr)du}$
$=c+ \lim_{tarrow\infty}\frac{\int_{u\in S^{n-1}}(\mu(u,t)-c)t_{0}^{n-1}J(u,t_{0})\exp(\int_{t_{0}}^{t}\mu(u,r)dr)du}{\int_{u\in S^{n-1}}t_{0}^{n-1}J(u,t_{0})\exp(\int_{t_{0}}^{t}\mu(u,r)dr)du}$
$| \rho-c|\leq\lim_{tarrow\infty}\frac{\int_{u\in S^{n-1}}|\mu(u,t)-c|t_{0}^{n-1}J(u,t_{0})\exp(\int_{t_{0}}^{t}\mu(u,r)dr)du}{\int_{u\in S^{n-1}}t_{0}^{n-1}J(u,t_{0})\exp(\int_{t_{0}}^{t}\mu(u,r)dr)du}$ (3.4)




$H=H_{(x,\theta)}$ $S_{H}$ $\xi=-J\nabla B_{\theta}$ $\mathcal{S}_{0}\in$
End $(T_{y}H_{(x,\theta)})$
$S_{0}v=-v-g(\xi, v)\xi$ (3.5)
$0\leq$ $tr$ $(S_{H}- \frac{\rho}{2m}S_{0})^{2}=tr(S_{H})^{2}-\frac{(m-1)\rho^{2}}{2m^{2}}+\frac{\rho}{m}h(\xi, \xi)$ (3.6)
$*$ 13. Bochner
$g( \nabla(\triangle f), \nabla f)=|\nabla df|^{2}+\frac{1}{2}\triangle|\nabla f|^{2}+Ric(\nabla f, \nabla f)$ (3.7)
$B_{\theta}$ $\Vert\nabla B_{\theta}\Vert=1$ $\triangle B_{\theta}=$ tr$(S_{H})^{2}=\Vert Hess(B_{\theta})\Vert^{2}=$
$-Ric(\nabla B_{\theta}, \nabla B_{\theta})$ (3.6)
$\frac{(m-1)\rho^{2}}{2n^{2}}-\frac{\rho}{m}h(\xi, \xi)\leq$ tr $(\mathcal{S}_{H})^{2}=-Ric(\nabla B_{\theta}, \nabla B_{\theta})\leq 2(m+1)$ ,
$\frac{(m-1)\rho^{2}}{2m^{2}}-\frac{\rho}{n}h(\xi, \xi)-2(m+1)\leq 0$ (3.8)




$H_{\mathbb{C}}^{m}$ K\"ahler $(J, g)$
$\xi=-J\nabla B_{\theta}, Jv=\phi v+\eta(v)\nabla B_{\theta}$ (4.1)
$*13$ 1.4 $trS_{H}=-\rho$
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$H=H_{(x,\theta)}$ $\xi$ , 1 $\eta,$ $\phi\in$ End($TH$)
$(\xi, \eta, \phi, g|_{H})$ $H$
$*$ 14 $*$ 15. $H_{\mathbb{C}}^{m}$
$-4$ $H$ $S_{H}=-Id-\eta\otimes\xi$
Tashiro $*$ 16 ([3, 20] )









([14][3, Theorem 14.3]). $H_{\mathbb{H}}^{n}$
3-
4.1 $([12])$ . $(X^{n}, g)$ Hadamard $g$ Einstein
$H_{(x,\theta)}$ $\hat{s}_{(x,\theta)}$
$\hat{s}_{(x,\theta)}=0$ $(X, g)$ $E_{\mathbb{R}}^{n}$
$H_{\mathbb{R}}^{n}$
2 3- 3- $*$ 20
$([15][3,$ Theorem $14.1])$ . 3-
3- $H_{\mathbb{H}}^{n}$ Damek-Ricci
$*14(i)\eta(\xi)=1$ , (ii) $\phi^{2}=-Id+\eta\otimes\xi$ , (iii) $g(\phi\cdot, \phi\cdot)=g-\eta\otimes\eta$
$*15$ Hermite Hermite
$*16M$ K\"ahler $M$ $(\xi, \eta, \phi, g)$
$M$ $S_{M}=-$ Id $+f\eta\otimes\xi$
$*17$
$(\xi, \eta, \phi, g)$ $(\nabla_{v}\phi)w=g(v, w)\xi-\eta(w)v$
$*18\phi$-
$*19$




Damek-Ricci $*$ 21 $\mathfrak{n}=(\mathfrak{n}, [\cdot, \cdot], \langle\cdot, \cdot\rangle)$ 2-step
Lie $\mathfrak{z}$ $\mathfrak{n}$ $\mathfrak{v}$ $J$ : $\mathfrak{z}arrow$ End $(\mathfrak{v})$
$\langle J_{Z}V, V’\rangle=\langle Z, [V, V’]\rangle (V, V’\in \mathfrak{v}, Z\in \mathfrak{z})$
$Z\in \mathfrak{z}$ $J_{Z}\circ J_{Z}=-|Z|^{2}$ Id $\mathfrak{v}$ $\mathfrak{n}$
Heisenberg ( $H$-type ) $\mathfrak{n}$ Lie Lie $N$
Heisenberg ( $H$-type )
Heisenberg $\mathfrak{n}=\mathfrak{v}\oplus \mathfrak{z}$ 1 $\mathfrak{s}=\mathfrak{v}\oplus \mathfrak{z}\oplus \mathbb{R}A$ $[\cdot,$ $\cdot]_{B}$
$\langle$ ., $\cdot$ $\rangle$ 5
$[V+Z+lA, V’+Z’+l’A]_{B}=( \frac{l}{2}V’-\frac{l’}{2}V)+(lZ’-l’Z+[X, X’])$ ,
$\langle V+Z+lA, X’+Z’+l’A\rangle_{z}=\langle V, V’\rangle+\langle Z, Z’\rangle+ll’$
$(\epsilon, [\cdot, \cdot]_{\mathcal{B}})$ Lie $\langle\cdot,$ $\cdot\rangle_{\mathfrak{s}}$ $g$
Lie $S$ Damek-Ricci $S\simeq \mathfrak{v}\cross \mathfrak{z}\cross \mathbb{R}_{+}$ $S$
$(V, Z, a) \cdot(V’, Z’, a’)=(V+\sqrt{a}V’, Z+aZ’+\frac{\sqrt{a}}{2}[V, V’], aa’)$ .
Damek-Ricci Hadamard
Heisenberg $N\cup\{\infty\}$
$dlm\mathfrak{z}=3$ $\mathfrak{n}$ $J^{2}$ - $*$22 $N$ 1 Damek-
Ricci ([1, p.79]). $\{J_{1} , J_{2}, J_{3}\}$
$\mathfrak{z}$ $\{Z_{1}, Z_{2}, Z_{3}\}$ $J_{Z_{1}}\circ J_{Z_{2}}=J_{Z_{3}}$
$\epsilon=\mathfrak{n}\oplus \mathbb{R}A$
$=J_{Z_{l}}$ (4.2)
$\pi_{\mathfrak{v}}$ : $\epsilonarrow \mathfrak{v}$ $Z^{\flat}$ $\langle\cdot,$ $\cdot\rangle_{B}$ $Z$
$i$ $j,$ $k$ $sign(ijk)=sign(123)$
$*21$ [1]




$S$ $\sqrt{}i$ $S$ Damek-Ricci
Levi-Civita [1, p.28] $\nabla$
$\nabla J_{i}=-Z_{k}^{\flat}\otimes J_{j}+Z_{j}^{\flat}\otimes J_{k}$ (4.3)
$\{J_{i}\}$ $S$ K\"ahler
$\infty\in\partial S$ $N\cross\{aA\}\simeq N$ $N$
3-
$\xi_{i}=Z_{i}, \eta_{i}=Z_{i}^{\flat}, \phi_{i}=J_{Z}. \circ\pi_{\mathfrak{v}}+Z_{j}^{\flat}\otimes Z_{k}-Z_{k}^{\flat}\otimes Z_{j}$
[1, p.28] $d\eta_{i}$
$d\eta_{i}(V+Z, V’+Z’)=-g(\phi_{i}V, V’)$ (4.4)
$( V, V’\in Z, Z’\in \mathfrak{z})$ . $d\eta_{i}$ 3
$d\eta_{i}$ 1
3-
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